Abstract. The only known skew-translation generalised quadrangles (STGQ) having order (q, q), with q even, are translation generalised quadrangles. Equivalently, the only known groups G of order q 3 , q even, admitting an Ahrens-Szekeres (AS-)configuration are elementary abelian. In this paper we prove results in the theory of STGQ giving (i) new structural information for a group G admitting an AS-configuration, (ii) a classification of the STGQ of order (8, 8) , and (iii) a classification of the STGQ of order (q, q) for odd q (using work of Ghinelli and Yoshiara).
Introduction
The point-line incidence structures known as generalised polygons were introduced by Jacques Tits [19] in 1959, and they have since played an important role in the theory of buildings and incidence geometry. A finite generalised d-gon is a point-line geometry whose bipartite incidence graph has diameter d and girth 2d. We will focus on generalised quadrangles where d = 4. These have the property that if ℓ is a line and P is a point not on ℓ, then there is a unique point on ℓ collinear with P . Hence this geometry contains no triangles. It follows that there exist constants s and t such that every line contains s + 1 points, and every point is incident with t + 1 lines (provided there are more than two lines through any point and more than two points on any line). We will refer to such a generalised quadrangle as having order (s, t). Interchanging the points and lines of a generalised quadrangle of order (s, t), gives the dual generalised quadrangle whose order is (t, s). Up to point-line duality, the only known examples are the Hermitian quadrangles of order (q 2 , q 3 ), the Payne derived quadrangles, and the skew-translation generalised quadrangles (STGQ).
The precise definition of an STGQ will be given in the next section, but it suffices at this point to regard them as a large class of the known generalised quadrangles. To the authors' knowledge, the known STGQ are as follows:
(i) the symplectic generalised quadrangles W(3, q) of order (q, q); (ii) the parabolic quadric generalised quadrangles Q(4, q) of order (q, q); (iii) various examples of order (q 2 , q) including the flock generalised quadrangles, the duals of the examples T 3 (O) of Tits, or the Roman generalised quadrangles (see [11] ). We will be interested in STGQ of order (q, q). Upon reading the recent work of Ghinelli [7] , the authors realised that her main result could be combined with Yoshiara's earlier work [20] to prove the following breakthrough in the theory of skew-translation generalised quadrangles.
Theorem 1.1. Any skew-translation generalised quadrangle of order (q, q), q odd, is isomorphic to the symplectic generalised quadrangle W(3, q).
While Theorem 1.1 has an apparently very short proof (see Corollary 3.4) , it should be noted that there is an error in the original work of Ghinelli, which Professors Ghinelli and Ott graciously corrected. We have included this correction in the Appendix.
For q even, the situation is still unclear. The only known examples arise as Tits' construction T 2 (O) where O is an oval of the Desarguesian projective plane PG(2, q) (see [14, §3.1.2] ), and so every known example of a generalised quadrangle of order (q, q), q even, is a translation generalised quadrangle. If q 4, then the STGQ are known (see [14, §6] ), and the smallest unknown case is when q = 8. We can express the problem of classifying STGQ of order (q, q) in perhaps a more accessible way in the language of elementary group theory. Following [7, §1] , an AS-configuration 1 is a group G of order q 3 together with a family of subgroups U 0 , U 1 , . . . , U q+1 of G, each of order q, satisfying (AS1) U 0 is normal in G, and (AS2) U i U j ∩ U k = {1} for all distinct i, j, k ∈ {0, 1, . . . , q + 1}.
Throughout this paper we will refer to the family of subgroups U 0 , U 1 , . . . , U q+1 as the AS-configuration for a group G, and in this case we will say that G admits an ASconfiguration. It should be noted that an AS-configuration is a special example of a 4-gonal partition of a group of order q 3 where one of the groups is a normal subgroup of G, see [14, §10.2] . It is further shown in [14, §10.2 ] that a group of order q 3 admitting an AS-configuration gives rise to an STGQ of order (q, q), and vice versa. (See Section 2 for more details.) A single group G could admit more than one AS-configuration, and indeed, for elementary abelian 2-groups, an AS-configuration is simply a pseudo-hyperoval of projective space (see [15] ). The only known groups of even order admitting an ASconfiguration are elementary abelian 2-groups, and indeed, Payne conjectured that there are no other examples [12, p. 498] .
In this paper, we give structural information on a group G admitting an AS-configuration, and we classify the STGQ of order (8, 8 We note that the translation generalised quadrangles of order (8, 8) were classified by Payne [13] , so our result can be viewed as an extension of Payne's classification.
The structure of this paper is as follows. Section 2 describes the relationship between Kantor families and AS-configurations, and Section 3 describes the relationship between partial difference sets and AS-configurations and proves Theorem 1.1, establishing the classification of the STGQ of order (q, q) with q odd. In Section 4 we deduce new structural constraints satisfied by a group G with an AS-configuration. Our goal in Section 5 is to prove Theorem 1.2 and to show that of the 10 494 213 groups of order 2 9 , only one group (the elementary abelian group) can have an AS-configuration. This is a remarkable testimony to the power of the triple condition (AS2) above. Finally, in the Appendix we correct an oversight in Ghinelli's groundbreaking paper [7] .
Background theory
In this section we give the necessary background on skew-translation generalised quadrangles and elation generalised quadrangles. The skew-translation generalised quadrangles are a subfamily of elation generalised quadrangles, which can all be constructed by Kantor's coset geometry construction [10] . Provided a generalised quadrangle has sufficient local symmetry properties, we can model it completely within a particular group of automorphisms known as an elation group. Given a point P of a generalised quadrangle Q, an elation about P is an automorphism θ that is either the identity, or it fixes P and each line incident with P , and no point not collinear with P . If there exists a group G of elations of Q about a point P such that G acts regularly on the points not collinear with P , then we say that G is an elation group and that Q is an elation generalised quadrangle (EGQ). The number of points of a generalised quadrangle of order (s, t) is equal to (s + 1)(st + 1), and there are s(t + 1) points collinear with a given point. Therefore, there are s 2 t points not collinear with a given point and hence G must necessarily have order s 2 t. Kantor [10] showed that there was a remarkable connection between elation generalised quadrangles and certain configurations of subgroups in finite groups. Let G be a group of order s 2 t (where s, t > 1) and suppose that G contains a collection F of t + 1 subgroups of order s, and a collection F * of t + 1 subgroups of order st, such that
Nowadays, the pair (F , F * ) is called a Kantor family or 4-gonal family for G. Every elation generalised quadrangle produces a 4-gonal family for its elation group, and conversely, a 4-gonal family of a group of order s 2 t (as above) gives rise to an elation generalised quadrangle of order (s, t) (see [10, Theorem 2] ).
Let S be a generalised quadrangle of order (s, t) and let P be a point of S. A symmetry about P is an elation about P which fixes each point collinear with P . The symmetries about P form a group with order dividing t (see [14, pp. 165] ). If G contains the full group of t symmetries about P , then we say that S is a skew-translation generalised quadrangle. In this situation, we have that t is no greater than s, and both parameters are powers of the same prime [8, Corollary 2.6] . The Kantor family (F , F * ) of G gives rise to a skew-translation generalised quadrangle if and only ∩F * is normal in G of order t [14, 8.2.2] . For the case that s = t, there is an alternative characterisation due to K. Thas [18] : an elation generalised quadrangle Q of order (s, s) is a skew-translation generalised quadrangle if and only if Q has a regular point, i.e., a point P such that 2 
|{P, R}
⊥⊥ | = t + 1 for all points R not collinear with P . As an example of such a situation, it turns out that all points of the symplectic generalised quadrangle W(3, q) are regular.
A large class of elation generalised quadrangles are the translation generalised quadrangles (TGQ) whereby the given elation group G contains a full group of s symmetries about each line on the base point P . In fact, an EGQ is a TGQ if and only if the given elation group G is abelian [14, 8.2.3, 8.3.1] . In this instance, G is actually elementary abelian [14, 8.5.2] . The only known groups admitting AS-configurations are elementary abelian 2-groups, or Heisenberg groups of odd order q 3 with a centre of order q. Hence, it is an open problem (Payne's Conjecture) whether there exists an AS-configuration of a nonabelian group of even order.
The construction of Payne derived quadrangles, which include the Ahrens-Szekeres quadrangles, has as input a generalised quadrangle Q of order (s, s) and a regular point P of Q. We can construct a new generalised quadrangle Q P whose points are the points of Q not collinear with P . There are two types of lines: (i) the lines of Q not incident with P , and (ii) the sets {P, R} ⊥⊥ where R is not collinear with P . The incidence relation is inherited from Q. We can also construct these generalised quadrangles from an ASconfiguration U 0 , U 1 , . . . , U q+1 of a group G of order q 3 . We take the points to be the elements of G, and we let the lines be the right cosets of the of U i , i > 0, and we obtain a generalised quadrangle of order (q − 1, q + 1). One can produce a Kantor family for G given an AS-configuration as follows:
This construction yields all skew-translation generalised quadrangles of order (q, q). So if one can find a novel AS-configuration, it is likely that two new generalised quadrangles would arise.
Partial difference sets and AS-configurations of symplectic type
A partial difference set ∆ of a group G is an inverse-closed set of nontrivial elements of G such that there are two constants λ and µ, so that every element g ∈ G \ {1} has exactly λ (resp. µ) representations of the form g = s i s −1 j for g ∈ ∆ (resp. g / ∈ ∆) where s i , s j ∈ ∆. We know that the right-multiplication action of G yields collineations of the generalised quadrangle arising from an AS-configuration, and this action is regular on the points of the generalised quadrangle. So we fix a point to be the identity element of G, and since the collinearity graph of a generalised quadrangle is strongly regular, we see that the neighbourhood of 1 is a partial difference set. In particular, for an AS-configuration, we have the following:
is a partial difference set of G with parameters λ = q − 2 and µ = q + 2.
Ghinelli showed that the known family of examples for groups of odd order could be characterised by a feature of their partial difference set, and it turns out that this is enough for a complete classification. There is an error in a supporting result within Ghinelli's paper [7, Lemma 6] . Professors Ghinelli and Ott, in correspondence with the authors, generously solved the error in the proof. It is with their permission that we present their argument in the Appendix to this paper.
Ghinelli's result, together with an older result of Yoshiara, provide a classification of AS-configurations of groups of odd order. Together with Ghinelli's result (Theorem 3.2), we have the following, which by Lemma 2.1, is an equivalent statement of Theorem 1.1.
Then G is the 3-dimensional Heisenberg group of order q 3 and the AS-configuration is the known example arising from the symplectic generalised quadrangle W(3, q).
Proof. By [7, Theorem 1] the AS-configuration gives rise to a generalised quadrangle with parameters (q − 1, q + 1). Since q is odd, we have gcd(q − 1, q + 1) = 2. The result now follows from Theorems 3.2 and 3.3.
The structure of groups admitting an AS-configuration
Throughout this section we assume that U 0 , U 1 , . . . , U q+1 is an AS-configuration of a group G of order q 3 . We will use standard notation for certain characteristic subgroup constructions that can found in such texts as [16] . Throughout, we will use ∆ for the partial difference set arising from the AS-configuration as defined in 1, and ∆ c will denote the complement of ∆ in G. Ghinelli established the following facts about G: (4)] for part (iv), and see [7, Equation (6) 
is unique and depends on i,
Proof. Note that the following is the same argument given in the proof of [7, Lemma 5] 
Therefore, x centralises u. An element x in a group G is called real if
Lemma 4.5. If u, v are involutions in a group G and x = uv has order m, then u, v is a dihedral group of order 2m and 
Proof. The subgroup N := Φ(U 0 ) is characteristic in U 0 , and hence normal in G.
Since G is nonabelian, it is not elementary abelian and so must contain an element x := Nx of order divisible by 4. Since U 0 is elementary abelian, we have x / ∈ U 0 . By Lemma 4.1(ii), x / ∈ U i for any i > 0. As
, and thus u / ∈ Z(G). Hence U 0 is not contained in Z(G), showing (ii). By (i) every element of order 4 in G is real, so no element of order 4 in G lies in Z(G). Thus Z(G) has exponent 2 and is elementary abelian, showing (iii). Finally, given g ∈ G, g 2 ∈ U 0 by Lemma 4.1(i). Since g 2 ∈ U 0 and U 0 2 = {1}, we have g 4 = 1. We know that G contains at least one element of order 4, and so G has exponent 4, showing (iv). Proof. By [4, Lemma 10] , U 0 has exponent at most 4. Since U 0 Z(G), we have that
Therefore, G has exponent 4, as desired.
Lemma 4.8. Suppose q is even and G is nonabelian.
Proof. Since G/U 0 is elementary abelian and U m 0 = {1}, it follows that G 2m = {1} proving (i). The proof of (ii) is similar because G 4 Φ(U 0 ) by Lemma 4.6. Consider part (iii) and assume that G has class 2, m is even, and 
Proof. Assume by way of contradiction that Z(G) ⊆ ∆ ∪ {1} and there exists a z ∈ Z(G)\U 0 . Then 1 = z ∈ ∆\U 0 and z ∈ U i for some i > 0. On the other hand, {1} = U 0 ⊳ G, and so there exists 1 = u ∈ U 0 ∩ Z(G). However, this means that 1 = uz ∈ Z(G)\∆, contrary to our assumption.
Proof. Suppose Z(G) 2 = {1}, and let z ∈ Z(G) such z 2 = 1. Assume first that z / ∈ U 0 . Since for i > 0 the U i are elementary abelian by Lemma 4.1(ii), we have that z / ∈ ∆. By Lemma 4.1(v), without a loss of generality up to reordering the U i we know that z can be written as z = u 1 u 2 for some u 1 ∈ U 1 and u 2 ∈ U 2 . Since z is central, and u 2 is an involution, we have
Therefore, u 1 and u 2 commute. So
= 1 as u 1 and u 2 are involutions, a contradiction. Thus every z ∈ Z(G) that has order at least 4 is in U 0 . Since Z(G) 2 = {1} and every finite abelian group is generated by elements of maximal order, we have that Z(G) U 0 , as desired. Proof. Let g ∈ G. By [7, Equation (4)], G is a union of the U 0 U i and hence there exists i ∈ {1, 2, . . . , q + 1} such that g ∈ U 0 U i . So there exists u 0 ∈ U 0 and u i ∈ U i such that g = u 0 u i . Now
0 , and so it follows that G 2 = U 2 0 . By [9, III.3.14(b)], we know for a 2-group G that Φ(G) = G 2 , and hence Φ(G) is elementary abelian, since we know from Proposition 4.7 that G has exponent 4. Hence Φ(G) < U 0 (by Proposition 4.7).
Proof. This is true for q odd by [7, Corollary 2], so we assume that q is even. Assume that Z(G) is not a subgroup of U 0 . By Lemma 4.9, this implies that there is 1 = z ∈ Z(G) ∩ ∆ c . Without a loss of generality up to reindexing, by Lemma 4.1(v), we may assume that z = u 0 u 1 = u 2 u 3 = u 4 u 5 = · · · = u q u q+1 , where u i ∈ U i for all i.
Note that for j even, if x ∈ U j+1 , then z x = z, and so u j u j+1 = u x j u j+1 , i.e., u j = u x j , and u j ∈ C G (U j+1 ). Similarly, u j+1 ∈ C G (U j ) when j > 0 is even. Note that this means that the q + 2 ways of writing z as a product of elements from ∆ are precisely z = u 0 u 1 = u 1 u 0 = u 2 u 3 = · · · = u q u q+1 = u q+1 u q , since u j commutes with u j+1 for j even. On the other hand, since G = U 0 U j U j+1 and U 0 = Φ(G), we have G = U j , U j+1 for j > 0, and thus for all i > 1, u i ∈ Z(G). Now, if u 1 / ∈ Z(G), we may look at all the products u 2 u j for j 3. Each of these is in some V k := U 0 U k by Lemma 4.1(iv); if for some j, u 2 u j ∈ V k for k = 1, then, proceeding as above, we find an element in U 1 ∩ Z(G); otherwise, each u 2 u j ∈ V 1 . In this case, u 2 u j is factored uniquely as a nontrivial element of U 0 multiplied on the right by a nontrivial element of U 1 , and so we let u 2 u j = x 0,j x 1,j , where
Choose
On the other hand, there are exactly q(q + 1)/2 pairs and (q + 1) different subgroups V 1 , . . . , V q+1 , so without a loss of generality there are at most q/2 products v j v k in V 1 . This means that K := K 1 has at least q/2 nonidentity elements, and, since |K| is a power of 2, |K| q. Hence |KV 1 | = |K| · |V 1 | q 3 , and so G = KV 1 . Let u ∈ U 1 . For any g ∈ G, we may write g = zx 1 x 0 , where z ∈ K and x i ∈ U i for each i, and so u g = u zx 1 x 0 = u x 0 , which means that u G = u U 0 for any u ∈ U 1 . For any j > 1, U 0 V j , and so u V j = u G as well. Since |V j | = q 2 and |U 0 | = q, this means that
Putting these two equations together, we see that
and so it must be that V j = C V j (u)U 0 . This is true for any j > 1, and so
(G). This means that u commutes with every element of G, and so u ∈ Z(G).
On the other hand, u was arbitrary, and so U 1 Z(G). Hence G = KV 1 = Z(G)U 0 , and, since U 0 = Φ(G), G is generated by central elements, a contradiction as G is nonabelian. Therefore, if U 0 = Φ(G), then Z(G) U 0 , as desired. 
. This is a contradiction as G ∼ = Q 8 .
Case G ∼ = D 8 . There are two maximal elementary abelian subgroups of G which we denote H 1 and H 2 . Observe that H 1 ∼ = H 2 ∼ = C 2 × C 2 , and both H j are generated by the involution of Z(G) and a non-central involution. Hence each U i is isomorphic to a subgroup of one H j . Since q + 1 5, the Pigeonhole Principle implies that at least three of U 1 , U 2 , U 3 , U 4 , and U 5 must be subgroups of the same elementary abelian subgroup, say of H 1 . Without a loss of generality, assume that U 1 , U 2 , and U 3 are subgroups of H 1 . However, G = U 1 U 2 U 3 , and so G = U 1 U 2 U 3 H 1 < G, a contradiction. Thus this case also does not arise.
Suppose now that G is extraspecial of order 32. The map Q :
2 is a non-singular quadratic form on G/Z(G), of plus or minus type. Note that the ambient vector space is 4-dimensional and so the totally singular subspaces comprise an elliptic or hyperbolic quadric of PG(3, 2). If A is an elementary abelian subgroup of G, then Z(G), A is elementary abelian. Hence the maximal elementary abelian subgroups of G are normal and contain Z(G). Moreover, they correspond to maximal totally singular subspaces in G/Z(G); for the minus-type case, we obtain the non-singular elliptic quadric of five points, whereas in the plus-type case, we obtain the non-singular hyperbolic quadric having nine points and six lines.
Case G ∼ = 2
1+4
+ . There are six maximal elementary abelian subgroups H 1 , ..., H 6 of G, and they each have order 8. By renumbering if necessary, we may assume that any two subgroups from {H 1 , H 2 , H 3 } and any two from {H 4 , H 5 , H 6 } generate G, and that H i , H j < G for i ∈ {1, 2, 3} and j ∈ {4, 5, 6}. Each of U 1 , . . . , U q+1 is elementary abelian, and so each of U 1 , . . . , U q+1 is a subgroup of (at least) one of the six elementary abelian subgroups H 1 , ..., H 6 . Since q + 1 9 the Pigeonhole Principle implies that at least one subgroup contains U i and U j for distinct i, j ∈ {1, . . . , q + 1}. Without a loss of generality, assume that H 1 contains U 1 and U 2 . Suppose first that for some k ∈ {3, . . . , 9} and some j ∈ {4, 5, 6} we have U k H j . Then 
Therefore, no such AS-configuration can exist, as desired.
− . There are five maximal elementary abelian subgroups of G, and they each have order 4. Since q + 1 9, the Pigeonhole Principle implies that at least one of these subgroups contains two different U i 's with i > 0. Thus, there exist (at most) two different subgroups of order 4 that contain three distinct U i 's. However, no two of these subgroups of order 4 generate G; a contradiction. Therefore, G can not have an AS-configuration. (8, 8) A skew-translation generalised quadrangle has an elation group of order 512, and we use the theory of Section 4, plus the known catalogue of finite groups of order 512 available in the computational algebra systems GAP [6] and Magma [3] , to show that such an elation group is elementary abelian. The 10 494 213 groups G of order 2 9 are numbered in the same order by both GAP and Magma, and we say that the kth group has Id-number k. The structural constraints on G found in the previous section radically reduce the number of feasible groups to just four examples. These groups are described in Table 1 Lemma 5.1. There are at most four nonabelian groups G of order 512 admitting an AS-configuration, and they are described in Table 1 .
Skew-translation generalised quadrangles of order
10 494 210 Table 1 . Four remaining groups
Proof. Suppose G is a nonabelian group of order 512, and assume that G admits an AS-configuration U 0 , U 1 , . . . , U 9 . Recall that Φ(G) U 0 by Lemma 4.1(i). Now, from the structural information of the last section, G must satisfy the following conditions: 
Therefore, the U i are pairwise non-conjugate. Of these remaining 552 groups, only 283 have at least nine non-normal subgroups of order 8 that are pairwise not conjugate and trivially intersect the Frattini subgroup of the given group. Of these 283 groups, only four have a clique of size 9 in a graph whose vertices are subgroups of order 8 and (H, K) is an edge when
The four remaining groups are listed in Table 1 .
The GAP [6] code for all of our computational work is provided in the arXiv-version of this paper [1] .
We now show that none of the four groups G in Table 1 admits an AS-configuration. Note that G is a finite 2-group of exponent 4, with a Frattini subgroup Φ(G) of order 2, and centre Z(G) satisfying Φ(G) Z(G). Let g be the element Φ(G)g of the Frattini quotient G/Φ(G). As is customary, we identify the multiplicative groups Φ(G) = G 2 and G/Φ(G) with the additive groups of the field F 2 and the vector space V = F 8 2 , respectively. The square map induces a well-defined quadratic form Q : V → F 2 on V given by:
gh is a well-defined alternating bilinear form. Indeed, B is the bilinear form associated with Q because
Suppose H G. We use the following facts and definitions in the following: 
It is straightforward to prove that an AS-configuration U 0 , U 1 , . . . , U 9 of G gives rise to nine 3-dimensional subspaces U 1 , . . . , U 9 of V , satisfying the following generalised definition of a singular pseudo-arc. Let Q : V → F be a (possibly degenerate) quadratic form on a vector space V = 
Observe that (SP1), (SP2), and Witt's theorem implies that n d/2, and if m 3 then property (SP3) implies d/3 n. Thus d/3 n d/2 is guaranteed to hold when m 3. The standard definition of a pseudo-arc has d = 3n, and in this case the sum in (SP3) is direct. The groups in Table 1 Table 1 does not admit an AS-configuration.
. Assume by way of contradiction that G has an ASconfiguration U 0 , U 1 , . . . , U 9 . Then as remarked above W 1 , . . . , W 9 is a singular (9, 3)-pseudo-arc of V := G/Φ(G) relative to the squaring quadratic form Q : V → F 2 where W i = U i . In this case, the (bilinear) radical Rad(B) equals the singular radical SRad(Q). Up to isometry, we may suppose that
x i e i = x 1 x 2 + x 3 x 4 + x 5 x 6 where V = e 1 , . . . , e 8 = F Note that Rad(B) = SRad(Q) = e 7 , e 8 .
We used a computer to search for all singular (9, 3)-pseudo-arcs in V , and we outline in detail how this computation proceeded. First, we found all singular (6, 3)-pseudo-arcs of V , up to symmetry in the isometry group of Q (which is isomorphic to 2 12 ·(GO + (6, 2)× S 3 )). This involved using the command SmallestImageSet in the GAP package Grape [17] . We then used depth-first backtrack search to find the singular (9, 3)-pseudo-arcs extending the singular (6, 3)-pseudo-arcs. In total, we found eight singular (9, 3)-pseudo-arcs up to equivalence. We then take the preimage of each singular (9, 3)-pseudo-arc, yielding a set of nine subgroups of G, each of size 16. We then take all complements of the Frattini subgroup in each of our set of subgroups of order 16, giving us 72 subgroups of size 8 that meet Φ(G) trivially (as Φ(G) ∩ U i ⊆ U 0 ∩ U i = {1} for i > 0). We then perform eight depth-first searches on eight sets of 72 subgroups to find an AS-configuration for G. None of the eight searches found an AS-configuration. Table 1 does not admit an AS-configuration.
Mimicking the proof of Lemma 5.2, assume that G has an AS-configuration U 0 , U 1 , . . . , U 9 , and define
, and Sp(6, 2) acts transitively on the maximal totally isotropic subspaces of V . A computer calculation shows that Aut(G) acts transitively on elementary abelian subgroups of G of order 2 6 . Indeed, it also shows that Aut(G) acts transitively on the elementary abelian subgroups that have order 8 and meet Z(G) trivially. So we can fix U 1 for a putative AS-configuration. Upon stabilising U 1 in Aut(G) and looking at the elementary abelian subgroups meeting U 0 U 1 trivially, we see that we can also fix a third element U 2 of a putative AS-configuration. Now we take the stabiliser Aut(G) U 1 ,U 2 . There are 784 elementary abelian subgroups of order 8 that meet each of U 0 U 1 , U 0 U 2 , and U 1 U 2 trivially, and Aut(G) U 1 ,U 2 has precisely two orbits on this set of subgroups: one of size 672 and one of size 112. If we choose U 3 from the small orbit (of size 112), then there are no elementary abelian subgroups of order 8 that meet trivially each U i U j where i and j are distinct elements of {0, 1, 2, 3}. So U 3 can be chosen from the large orbit (of size 672). The set of elementary abelian subgroups of order 8 that meet trivially U i U j where i and j are distinct elements of {0, 1, 2, 3}, has size 48. Upon using a depth-first backtrack computer search, and we discovered that there are no partial AS-configurations of size 6 on this set of subgroups. This contradiction shows that G does not have an AS-configuration. 2 ) , y ∈ F 8 , and (0, 0, 1) which is the radical of this conic.) We now apply field reduction from F 
2 . This gives a quadratic form Q γ :
. A short calculation shows that each quadratic form Q γ with γ ∈ F 8 , γ = 0, is equivalent to Q. Thus we obtain pairwise disjoint singular planes lying in the singular points of the quadratic form x 0 y 0 +x 1 y 2 +x 2 y 1 +z 2 0 . The radical of the conic is mapped to the radical of this form, which is the plane "z = 0" of PG (8, 2) . We then take a point P of the singular radical SRad(Q) and quotient by P to PG (7, 2) . The image of our conic is then sent to disjoint planes of PG(7, 2), and we see that these planes are singular with respect to the induced form Q and Rad(Q)/P is the radical π 0 for this form. It turns out that we obtain the W i realising a singular pseudo-arc.
We will need the following result in order to show that the extraspecial group 2 1+8 − has no AS-configuration.
We know that x ∈ U j U 0 for a unique j > 1. Since x / ∈ U j and x / ∈ U 0 U 1 by assumption, we have that x = u j u 0 , where 1 = u j ∈ U j and 1 = u 0 ∈ U 0 . Since x / ∈ U 0 ∪ U j , this means that x is not in the partial difference set ∆ := q+1 k=0 (U k \ {1}). By [7, Equation (6) ], there is a unique factorisation x = u 1 u k where k > 1, the element u 1 is a nontrivial element of U 1 , and 1 = u k ∈ U k . However, this implies that 
− . Then squaring defines a non-degenerate form Q of minus-type on V := G/Φ(G). Since the Witt index of this form is 3, we know that each U i for i > 0 maps to a maximal totally isotropic subspace U i of (V, Q).
So by Lemma 5.5, we know from their sizes that U
, which is a contradiction as the right-hand side is simply the centre of G (as G = U 1 U 2 U 3 ). Therefore, G does not have an AS-configuration. Table 1 does not admit an AS-configuration.
Proof. Set G = 2 1+8 + . Here, squaring defines a non-degenerate quadratic form Q of plus-type on V := G/Φ(G). By Witt's theorem, the stabiliser in GO + (8, 2) of a singular point acts transitively on the set of singular 3-spaces. We used a computer to search for all singular (9, 3)-pseudo-arcs in V with respect to the form
We outline in detail how this computation proceeded. First, we found all singular (6, 3)-pseudo-arcs of V , up to symmetry in GO + (8, 2) . This was aided by using the command SmallestImageSet in the GAP [6] package Grape [17] . We then used depth-first backtrack search to find all extensions of singular (6, 3)-pseudo-arcs to singular (9, 3)-pseudo-arcs. From the 1402 possible singular (6, 3)-pseudo-arcs, none extended to a (9, 3)-pseudoarc.
We can now prove the second main theorem of the Introduction.
Proof of Theorem 1.2. By Lemma 5.1, the only possible nonabelian groups of order 512 that can admit an AS-configuration are listed in Table 1 . In Lemmas 5.2, 5.3, 5.6, and 5.7, we progressively ruled out these four groups. Thus the only possible groups G of order 512 that can admit an AS-configuration are abelian, and by Lemma 4.2, G must then be elementary abelian. Hence an STGQ of order 8 is a translation generalised quadrangle, and these were classified by Payne [13] Proof. As noted in the introduction, the generalised quadrangles of order (q, q) are classified for q 4 (see [14, §6] ), and they are classical generalised quadrangles. Similarly, a generalised quadrangle of order (q, q) with q prime is classical [2, Proposition 3] . This leaves q = 8 as we know that q is a prime power by [5, Theorem 1] . Let Q be a skewtranslation generalised quadrangle of order (q, q) with q = 8. By Theorem 1.2, Q is a translation generalised quadrangle. There are precisely two TGQ of order (8, 8) according to Payne's classification [13] It is natural to consider groups of order q 3 when q = 2 m > 8. There are roughly 2 2m 3 such groups. As m increases, more and more groups will satisfy the numerous structural constraints in Section 4. It is not obvious that examples of AS-configurations will not arise for 2-groups that are central products of extraspecial groups and abelian groups, nor is it particularly obvious how one might construct a nonabelian 2-group with an AS-configuration. One reason to believe that examples may arise in larger 2-groups would be the fact that non-classical translation planes of order q only come into existence when we consider q 16. If G is a group of order q 3 admitting an AS-configuration U 0 , U 1 , . . . , U q+1 , then in the quotient G/U 0 , the subgroups U i U 0 /U 0 , i > 0, form a spread of the group G/U 0 . This implies that G/U 0 is elementary abelian and we obtain a translation plane by the famous construction of André. For q 8, we must obtain the Desarguesian plane AG(2, q), whereas for larger values of q, there are more exotic examples of translation planes. The fact that we have not discovered a non-classical skew translation generalised quadrangle of order (q, q) might be a by-product of a conjecture: the skew-translation generalised quadrangle arising from an AS-configuration is classical if and only if the associated spread yields a Desarguesian translation plane.
Appendix A. A work-around for Lemma 6 of Ghinelli (2012)
The first line of the proof of Lemma 6 of [7] contains an oversight where "hg −1 normalises U given that U gh −1 ∩ U is nontrivial" does not necessarily hold from the assumptions provided. Lemma 6 can be avoided in the proof of her main result (Theorem 6) by using the following lemma and then reading on from Corollary 4 hence. We are very grateful for the contribution of Professors Ghinelli and Ott who collaborated in the lemma below, via correspondence with the authors on 2013.10.01.
Lemma A.1. Let G be a group of order q 3 , q odd, and suppose U 0 , U 1 , . . . , U q+1 is an AS-configuration for G.
Proof. We may suppose without loss of generality that i = 1. By way of contradiction, let u ∈ U 1 and suppose that C U 0 (u) is strictly smaller than U 0 . Then by [7, Lemma 4] , we have u G = U 0 u, and |C G (u)| = q 2 . Let 2 j q + 1. Since U 1 centralises u (as U 1 is abelian), we have G = U 1 U 0 U j C G (U 1 )U 0 U j and hence G = C G (u)U 0 U j . Therefore, U 0 U j acts transitively on u G , and in particular,
and so |C U 0 U j (u)| = q. We claim that there exists an index 2 k q + 1 such that C U k (u) = {1}. Suppose not. Then for each 2 k q + 1 there is a nontrivial element v k ∈ U k that commutes with u. Then the cosets a contradiction. Therefore, without loss of generality, we may suppose that U 2 ∩C U 0 U 2 (u) = U 2 ∩ C G (u) = {1}; that is, U 2 acts regularly by conjugation on u G . Now by assumption, U 0 C U 0 U 2 (u), and we know from above that|C U 0 U 2 (u)| = q, so there exists g ∈ C U 0 U 2 (u) \ U 0 . Write g = u 0 u 2 , where u 0 ∈ U 0 and u 2 ∈ U 2 , and note that u 0 = 1 and u 2 = 1. Now u 0 u 2 = u h 2 for some h ∈ G (as u G 2 = U 0 u 2 ) and hence u 2 ∈ C G (u) h = C G (u h ). Therefore, u 2 is a nontrivial element of U 2 fixing an element of u G , contradicting the fact that U 2 acts regularly on u G . Therefore, C G (u) = U 0 U 1 for each nontrivial u ∈ U 1 . Moreover, by Corollaries 2 and 3 of [7] , we have that U 0 = Z(G).
